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For a driven-dissipative quantum many-body system prepared in a spontaneous broken-symmetry
steady state, in addition to the Goldstone mode the soft fluctuation modes provide important
insight into the system’s dynamics. Using a microscopic polariton laser theory, we find a rich
transformation behavior of discrete and continuum soft modes in a two parameter (pump density and
cavity dissipation rate) space. In addition to finding exceptional-point Goldstone companion modes,
our theory yields a unified picture of a variety of seemingly disconnected physical concepts including
Mott transition, Mollow spectra or relaxation oscillations, and polaritonic Bardeen-Cooper-Schrieffer
gaps.
Electrons, holes, and photons in an excited semicon-
ductor microcavity have been studied extensively (e.g.
[1–28]). They form a quantum many-body system that
can organize itself into configurations that support co-
herent order parameters. A semiconductor microcavity
laser is a prime example. Being a many-body system
with strong photon-matter and Coulomb couplings, it
can undergo the lasing transition through more than one
physical mechanisms. While the ‘conventional’ mecha-
nism, with the photons as the main coherent field, is
valid for many semiconductor lasers, in some cases las-
ing is found to be the result of a transition to a state in
which polaritons form a nonequilibrium analog of a Bose-
Einstein (BEC) or BCS condensate [18, 29, 30]. Much
insight on these broken-symmetry states can be gained
by probing their fluctuation modes. Of particular inter-
est is the Goldstone mode, which is a phase mode of the
coherent laser field, and the dissipative modes that are
associated with it. It was shown in previous theoreti-
cal works on atomic lasers [31] and pumped-dissipative
exciton-polariton condensates in quantum-well microcav-
ities [29, 32, 33] that at zero momentum, the Goldstone
mode is accompanied by a damped mode that shares its
frequency (here called Goldstone companion mode), and
the dispersion of the Goldstone mode at low momentum
is diffusive [29, 32]. Absent in equilibrium BEC or BCS,
this second mode is characteristic of the nonequilibrium
character of the laser. It coincides with the Goldstone
mode at the lasing threshold and acquires a growing de-
cay rate with further (small) increase in the lasing inten-
sity. Since the laser is a spatially extended many-particle
system, it should be expected that the two modes, Gold-
stone and companion, are in the vicinity, energy-wise, of
a large (possibly infinite) number of fluctuation modes
with discrete energies or in spectral continua. How-
ever, not much is known about this complex landscape
of modes and how they transform as external parameters
are varied. As we show below, our theoretical analy-
sis provides a unified picture for the transformation of
discrete and continuous sets of linear excitation modes,
from below threshold (polariton modes and electron-hole
continua) to above threshold (Goldstone and companion
modes), thus clarifying the relation of seemingly discon-
nected physical concepts including Mott transition [16],
as well as light-induced gaps [34], Mollow-like spectra
and side-band emission [13, 35–37], polaritonic BCS gaps
[29, 30], and Goldstone modes [32, 33]. Relaxation oscil-
lations in semiconductor lasers [38, 39] have been inter-
preted as dynamical Stark effect (Mollow) sidebands in
[40], and relaxation oscillations in polariton condensates
have been observed [41, 42]. Furthermore, we find that
above threshold the mode transformations include ex-
ceptional points [43].
We use a semiclassical microscopic theory detailed in
the Supplementary Material, with electrons, holes, and
photons as degrees of freedom, to analyse an incoherently
pumped GaAs quantum well inside a microcavity, and to
calculate the steady state configurations and their linear
response to an interband optical probe. The fluctuation
modes underlying the response are obtained by formu-
lating the response as an eigenvalue problem which is
solved numerically. The probe is normal to the quantum
well’s plane, and hence the probed fluctuations are those
of zero wave vector q in the plane (we do not consider
the dispersion of the modes as a function of q). The
eigenvalue set generally consists of continua and discrete
modes distributed on the complex energy plane. We fol-
low the evolution of the eigenvalues as we vary the pump
density np and the cavity loss rate γcav. The dissipa-
tive Goldstone companion mode [29, 32, 33], alluded to
above, is seen to undergo some non-trivial transforma-
tion in this parameter space. At sufficiently high np, and
sufficiently large γcav, it meets another laser-frequency,
dissipative mode at an exceptional point [43–50], where
the two modes turn into two others of finite frequency.
These latter modes evolve upon further parameter change
to Mollow-like modes.
To provide a unifying picture for this and other inter-
esting relations among the subset of discrete soft modes,
we show in Fig. 1 a map of the discrete modes. The
details of this figure and also the role of continua of
modes will become more clear throughout this paper.
2The response spectra governed by the fluctuation modes
are also calculated and shown below. We find the spec-
tral features to be generally consistent with experimental
photoluminescence data found in the literature [35, 37].
Our fluctuation analysis provides detailed understanding
of these spectra and identifies parameter regimes where
new interesting effects may be observed.
Our theory is based on the semiconductor Bloch equa-
tions (SBE) [38] amended by a single-mode equation
for the light field in the cavity E. The equations are
of the form i~A˙ = F(A) where the dynamical variables
A = (P (k), f(k), E)T contain, in addition to E, the
complex–valued interband polarization P (k) and real–
valued carrier distribution f(k) as a function of wave
vector k, and F(A) is a nonlinear function that contains
Coulomb interaction, relaxation, decay and source (in-
coherent pump) terms. We solve the equations numeri-
ally until steady state is reached. The steady state solu-
tion, A(0) = (P (0)(k), f (0)(k), E(0))T is non-zero above
threshold. A small external perturbation field Epert
can probe the steady state by inducing small changes
x = (δP (k), δP ∗(k), δf(k), δE, δE∗)T . Linearizing the
function F(A(0) + x) then yields an equation of the
form i~x˙ =Mx + spert where the complex-valued non-
symmetric matrix M is a nonlinear function of A(0), and
spert is proportional to Epert. The right-eigenvalue equa-
tion is Mx(n)= ε(n)x(n). In all the figures displaying
eigenvalues, the zero of the real frequency axis is set
at the lasing frequency when the system is above the
lasing threshold and at the lower polariton (LP) fre-
quency below threshold. We refer to all the discrete
modes that oscillate at the laser frequency collectively
as G modes, and label them by Gn, n = 0, 1, 2, ..., with
G0 being the Goldstone mode. These modes have zero
real parts in our plots. We define the complex-valued
linear-response function χ(ω) = δPtot(ω)/Epert(ω) where
δPtot(ω) ∝
∑
k δP (k, ω).
Fig. 2 illustrates the evolution of the eigenvalue set
as a function of pump density, from near zero to 0.8a−2B ,
for a fixed cavity decay rate of γcav = 0.2meV. Part (a)
gives an overview. At vanishing density (C1 in the fig-
ure), the eigenvalue set consists of a two-fold degenerate
lower polariton (LP) mode and a highly degenerate (HD)
mode on the imaginary axis, two upper polariton (UP)
modes and two spectral (along the real energy direction)
continua. The spectral continua show a gap at low fre-
quency due to exciton binding. The modes with non-zero
frequency are symmetrically placed. When the system is
below threshold, the positive-energy modes are associ-
ated with δP, δE, and the negative-energy modes with
their complex conjugates. As the pump density np in-
creases, the LP modes move up towards zero damping,
and the continuum gap closes, ionizing the UP in Mott
transition. As the density crosses the threshold, shown
in part (b) to be at np ≈ 0.435a
−2
B , the LP modes trans-
forms [29, 32] to the Goldstone mode G0 and its damped
counterpart G1, the continuum spectral gap closes com-
pletely, and the degenerate HD mode spreads into a de-
cay continuum (along the imaginary energy direction).
As the density increases further, the lasing field forces
a reopening of the spectral gap via a mechanism similar
to that in BCS theory. These trends are shown in more
detail in parts (c) and (d). The BCS gap will be further
clarified in Fig. 3. Regarding the physical nature of the
modes, HD is a pure non-radiative density fluctuation,
the decay continuum modes are radiative (involving den-
sity, polarization and light field fluctuations), the spec-
tral continua do not contain density oscillations and their
polarization oscillations are sharply peaked as a function
of k (similar to ionization continuum wave functions of
excitons or hydrogen), G0 (G1) is a collective mode with
a smooth variation of the polarization fluctuation as a
function of k and without (with) density fluctuation.
Fig. 3(a-d) show the spectral features that emerge at
higher pump densities. Parts (a) and (b) compare the re-
sponse spectra Imχ(ω) at np = 0.8a
−2
B , which is the up-
per limit in Fig. 2, and np = 3.2a
−2
B . γcav has the same
value as in Fig. 2. The modes underlying the features
in the response spectra are shown in Fig. 3c. A discrete
mode, in addition to G0 and G1, emerges and becomes
separated from the spectral continuum (a discrete mode
at the edge of a continuum, rather than inside the con-
tinuum, could be called semi-Fano resonance). We label
this mode M and identify it as an analog to the Mollow
sideband modes (cf. [13, 35, 36, 40, 42]). To support this
interpretation, we note that the real part of M’s energy,
denoted by εM, is comparable in value to twice the ef-
fective Rabi energy in the rotating-wave approximation
∆(k) = acE +
∑
k′
V (k− k′)P (k′) (where V (k− k′) is the
Coulomb interaction and ac a coupling constant) (see Eq.
(15) in the Supplementary Material). For example, for
np = 3.2a
−2
B , εM = 11.6meV and 2∆(k = 0) = 15meV.
Note that
∑
k′
V (k−k′) is the standard BCS gap function,
and ∆(k) can be viewed as a composite gap function for
polariton systems, see, e.g., [51]. The BCS-like spec-
tral gap grows with np and its numerical value, marked
by the vertical dashed lines, agrees very well with an
estimate of the pair-breaking energy E˜pairgap , which is ex-
plained (Eq. (34)) in the Supplementary Material. The
lasing field couples the δP, δE components of the per-
turbed polariton field to their complex conjugates in a
manner similar to four-wave mixing (this coupling is ab-
sent in linear response below the lasing threshold). The
resulting sideband continuum is, as shown in Fig. 3c,
much more pronounced at high np. In parts (a) and (b),
the central peaks show the sharp spikes of the Goldstone
mode G0, regularized by a small damping width, and the
broader contribution from G1. To assess the effect of the
M modes, we mark the magnitudes of εM and 2∆(0) on
the plots. While it is not visible at np = 0.8a
−2
B , the M
modes appear to produce features reminiscent of Mollow
3sidebands in atomic physics at the higher density. This
density, np = 3.2a
−2
B may however be too high for ex-
perimental verification with stationary lasers. For com-
parison, we also show in Fig. 3d gain spectra calculated
for an isolated quantum well, but with the distribution
functions obtained from the full calculation in which all
G-modes are missing (cf. [51, 52]). Far above thresh-
old, they develop signatures of spectral hole burning. In
Fig. 3e we show a sequence of spectra |χ(ω)|2, which is
everywhere positive (as are photoluminescence spectra)
and allows us to follow the position of the various res-
onances over a large variation of pump densities. This
shows how the Fermi edge absorption grows out of the
UP, which was conjectured in [35], and how the blue shift
of the Fermi edge absorption levels off at high densities,
consistent with the experimental findings in [37].
Fig. 4(a), and (b) in more detail, show the evolution of
the eigenvalues for a fixed pump density np = 1a
−2
B (in-
dicated by the red arrow in Fig. 1) as the cavity decay
varies. As γcav increases, G1 moves down and merges
with the decay continuum at γcav ≈ 1.1meV. At this
point, two modes come out of the continuum acquiring
finite frequency. This progression is indicated by the red
arrows in part (b). Upon further rise in γcav, the Mollow
analogs M modes cross over to low frequencies, where
we rename the modes as H to indicate that the modes’
characteristics have changed. As indicated by the black
arrows in part (b), the two H modes meet at an excep-
tional point [43–50], where the two eigenvectors become
one state which is self-orthogonal with respect to the in-
ner product using right and left eigenvectors, and turn
into two G modes, G1 moving up the imaginary axis and
G2 moving down. The bottom panels of Fig. 4 show the
generation of the H/M modes as density increases by a
transformation from G1 and G2 at an exceptional point
(part (c)) and by separating from the spectral continuum
(part (d)).
As noted above, we have performed the eigenvalue
computation over a region of the (γcav, np) parame-
ter plane and constructed a map of discrete fluctuation
modes shown in Fig. 1. The lines separate regions of dif-
ferent numbers of discrete G modes (unlike lines in phase
diagrams that separate regions of different numbers of
stable and unstable solutions to a nonlinear set of equa-
tions). The specific cases discussed above are instances
on this diagram: the blue arrow marks the cases in Figs.
2 and 3(a-c) and the red arrow marks the cases in Fig.
4(a-b). The three (color-coded) regions above the lasing
threshold are defined and labeled by the Goldstone and
discrete soft modes that are present, and some modes are
transformed when a curve between two regions is crossed.
The (red) curve separating the blue and yellow regions is
made up of exceptional points at which G1 and G2 meet
and turn into two H modes or vice versa, as illustrated in
Fig. 4(a) and (b) and in detail in (c). In the pink region,
as np increases from the lasing threshold, G1 separates
from the Goldstone mode G0 and moves down along the
imaginary axis in the complex energy plane. When the
boundary curve with the blue region is crossed, the mode
G2 emerges from the decay continuum and moves up to-
wards G1 along this axis. G2 does not appear at small
γcav, and at the curve marking the crossing from the pink
region to the yellow region, G1 merges with the decay
continuum and ceases to be a distinct mode.
In summary, we have studied in detail the low-
frequency fluctuation modes of an incoherently-pumped
polariton laser at the long-wavelength limit. The set
of mode eigenvalues generally consists of both continu-
ous and discrete subsets in the complex energy plane.
Tracing the evolution of this eigenvalue set when two
parameters (pump density and cavity loss rate) vary, re-
veals interesting features. The onset of lasing spreads a
highly degenerate dissipative mode into a decay contin-
uum along the imaginary energy axis. Further increase
in pump density creates a new sideband continuum. The
behavior of the discrete subset is summarized in a phase
diagram in the (np, γcav) parameter space (Fig. 1). A
curve of exceptional points are present which link the
Goldstone companion G1 to Mollow modes. The over-
all picture of the low-frequency fluctuation modes that
we have found here may also be more generally applica-
ble to other lasers and driven quantum symmetry-broken
systems, e.g. [53–56].
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FIG. 4: (Color Online) (a) Eigenenergies for equidistantly
spaced cavity rates γcav from 0.9meV (C1) to 1.7 meV (C65)
at fixed pump density np = 1a
−2
B . (b) Same as (a) but zoomed
in to smaller frequency interval. The arrows indicate the evo-
lution of eigenvalues with increasing decay rates. The trans-
formation marked by the red arrows happens at a lower γcav
than that marked by the black arrows. In the transforma-
tion indicated by the black arrows, the two converging modes
meet at an exceptional point. (c) Detail of a ‘collision’, as np
increases, of two damped G modes (G2, G3) at an exceptional
point generating two H-modes. (d) Example of Mollow-like
modes (M) rising above decay continuum.
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